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lWKB solutions and their Borel transform
WKB
1 ( ) Schr\"odinger




(2) $\psi(x, \eta)=\exp\int^{x}S(x, \eta)dx$ .
$S(x,\eta)$ 1 (Riccati )
(3) $S^{2}+ \frac{dS}{dx}=\eta^{2}Q(x)$ .
$S$ $S=\eta S_{-1}(x)+S_{0}(x)+\eta^{-1}S_{1}(x)+\cdots$
$S_{j}(x)$
(4) $(S_{-1}(x))^{2}=Q(x)$ , $S_{0}(x)=- \frac{1}{2}\frac{d}{dx}\log S_{-1}$ ,
(5) $S_{j+1}(x)=- \frac{1}{2S_{-1}(x)}(\sum_{k=0}^{j}S_{k}(x)S_{j-k}(x)+\frac{dS_{j}}{dx})$ $(j\geq 0)$ .
Remark 1. $S_{-1}(x)=\pm\sqrt{Q(x)}$ (3)
$S_{\pm}(x,\eta)$ $\eta$
(6) $s_{\pm}$ $=$ $\pm\eta S_{-1}(x)+S_{0}(x)\pm\eta^{-1}S_{1}(x)+\cdots$
$=$ $\pm S_{odd}+S_{even}$
(3)
(7) $S_{even}=- \frac{1}{2}\frac{d}{dx}\log S_{odd}$ .
Definition 1. Schr\"odinger (1)
(8) $\psi_{\pm}=\frac{1}{\sqrt{S_{odd}}}\exp(\pm\int_{x_{0}}^{x}S_{odd}dx)$
( $x_{0}$ ) (1) $WKB$
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$WKB$ (8) ( ) $\eta^{-1}$
(9) $\psi_{\pm}(x,\eta)=e^{\pm\eta s(x)}\sum_{n=0}^{\infty}\psi_{\pm,n}(x)\eta^{-(n+1/2)}$ $($ $s(x)= \int_{xo}^{x}\sqrt{Q(x)}dx)$ .
WKB (9)
Remark 2. (5) $\{x\in \mathbb{C}|Q(x)\neq 0\}$
$K$
(10) $|\psi_{\pm,n}(x)|\leq C^{n+1}n!$ ( $C$ $n$ ).
WKB WKB (8) (9) (
$\eta$ ) ”Borel ”
Definition 2. (Borel )
WKB (9) ( $x$ ) $y\pm s(x)$
$\psi_{\pm,B}(x, y)$ $\psi\pm(x, \eta)$ Borel
(11) $\psi_{\pm,B}(x, y)=\sum_{n=0}^{\infty}\frac{\psi_{\pm,n}(x)}{\Gamma(n+1/2)}(y\pm s(x))^{n-1/2}$ .
$,$
$\psi_{\pm,B}(x, y)$ Laplace
(12) $\Psi_{\pm}(x, \eta)=\int_{\mp s(x)}^{\infty}e^{-y\eta}\psi_{\pm,B}(x, y)dy$
well-defined ( $\psi_{\pm,B}(x, y)$ (12)
$yarrow\infty$ $\sim$ ) $\Psi_{\pm}(x,\eta)$
$\psi_{\pm}(x, \eta)$ Borel (12) $y=\mp s(x)$
Remark 3. $Y(y)$ Heaviside ( $y>0$ $Y(y)=1,$ $y<0$
$Y(y)=0)$ , $\alpha$ $\alpha>-1$ Laplace
(13) $y^{\alpha}Y(y)$ . $\Gamma(\alpha+1)\eta^{-(\alpha+1)}$$Laplace\mapsto$transf
Borel (11) $(\eta^{-1}$
formal ) Laplace






Borel WKB (10) Borel
$\psi_{\pm,B}$ $(y=\mp s(x)$ $)$ $y$ ( $x$
) $\psi_{\pm}(x,\eta)$
$\psi_{\pm,B}$ Borel




2 Movable singularity and one turning point prob-
lem
[KT]
Example 1. (Airy )
(14) $( \frac{d^{2}}{dx^{2}}-\eta^{2}x)\psi=0$ .




(4), (5) Riccati (6) $S_{j}$
$c_{j}$ $S_{j}=c_{j}x^{-1-(3/2)j}(j=-1,0,1, \ldots)$
$WKB$ (15) $\psi_{\pm,n}$ $\psi_{\pm,n}=d_{n}x^{-1/4-(3/2)n}$
$(n=0,1,2,$ $\ldots$ , $d_{n}$ $)$ Borel
$\psi_{\pm,B}(x,y)$ $t=yx^{-3/2}$ 1 $h_{\pm}(t)$
(16) $\psi\pm,B(x, y)=x^{-1}h\pm(t)$ $($ $t= \frac{y}{x^{3/2}})$
$\psi_{\pm}$ (14) Borel $\psi_{\pm,B}$ $((14)$
Laplace )
(17) $( \frac{\partial^{2}}{\partial x^{2}}-x\frac{\partial^{2}}{\partial y^{2}})\psi\pm,B=0$ .
(17) (16) $h_{\pm}(t)$
(18) $(1- \frac{9}{4}t^{2})\frac{d^{2}h\pm}{dt^{2}}-\frac{27}{4}t\frac{dh_{\pm}}{dt}-2h\pm=0$ .
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(18) $(s=3yx^{-3/2}/4+1/2$ $)$
Borel $\psi_{\pm,B}$ Gauss $F(\alpha, \beta,\gamma;z)$
(19) $\psi_{+,B}(x, y)$ $=Cx^{-1}s^{-1/2}F(1/6,5/6,1/2;s)$ ,
(20) $\psi_{-,B}(x,y)=Cx^{-1}(1-s)^{-1/2}F(1/6,5/6,1/2;1-s)$ ,
(21) $C= \frac{\sqrt{3}}{2\sqrt{\pi}}$ , $s= \frac{3}{4}\frac{y}{x^{3/2}}+\frac{1}{2}$ .
( $C$ Borel (11)
)
Airy (14) $WKB$ (15) Borel
(19), (20) $\psi_{+,B}(x, y)$
Borel $\Psi_{+}(x,\eta)$ $(1^{o})\sim(4^{o})$
$(1^{o})\psi_{+,B}(x,y)$ $y=- \frac{2}{3}x^{3/2}$ $y= \frac{2}{3}x^{3/2}$







Figure 1 : $\psi_{+,B}$ movable singularity $\{{\rm Im} x^{3/2}=0\}$ .
(2) Borel $\Psi_{+}(x, \eta)$ $x$ $\{{\rm Im} x^{3/2}=0\}$ well-defined
$,$
$\{{\rm Im} x^{3/2}=0\}$ (1’) movable singularity Borel
Borel $\Psi_{+}(x,\eta)$
$(3^{o})(2^{o})$ $\{{\rm Im} x^{3/2}=0\}$ $x$ $x=0$ 3
1 $\mathbb{R}_{+}$ Borel $\Psi_{+}(x,\eta)$
( 4 1 ) $\Psi_{+}(x,\eta)$ Figure2
$\Gamma_{0}$ $\Gamma_{1}$ $\psi_{+,B}(x,y)$ Laplace
$(3^{o})$ $\Gamma_{0}$ ( 1 ) Borel
$\Psi_{+}(x,\eta)$ $\Gamma_{1}$
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$\lrcorner y$ $\gamma+$ ( )
Figure 2: $\Gamma_{0}$ $\Gamma_{1}$ ( $\psi_{+,B}(x,y)$
).
Proposition 1. (Cf. [KT, (2.46)])
(22) $\triangle_{y=(2/3)x^{3/2}}\psi_{+,B}(x, y):=((\gamma_{+})_{*}-(\gamma_{-})_{*})\psi_{+,B}(x, y)$
$\psi_{+,B}(x, y)$ movable singularity $y= \frac{2}{3}x^{3/2}\ovalbox{\tt\small REJECT}’\cdot$ discontinuity,
$y= \frac{2}{3}x^{3/2}$ $(\gamma_{+})_{*}\psi_{+,B}(x,y)$
$(\gamma_{-})_{*}\psi_{+,B}(x,y)$ ( $\gamma\pm$ Figure 2
)
(23) $\triangle_{y=(2/3)x^{3/2}}\psi_{+,B}(x, y)=i\psi_{-,B}(x, y)$
Proposition 1
$(4^{o})\mathbb{R}_{+}$ ( 4 1 ) $\Psi_{+}$ $\Psi_{+}$
(24) $\Psi_{+}\sim\Psi_{+}+i\Psi_{-}$
(WKB Borel Stokes ). (24)
$\Psi_{+}$ “ (connection formula)”
WKB Borel
Example 2. ( Weber )








(27) $\psi_{\pm}(x, \eta)=\frac{1}{\sqrt{S_{odd}}}(\eta^{1/2}x)^{\mp\kappa}\exp\pm(\eta\int_{0}^{x}S_{-1}dx+\int_{\infty}^{x}(S_{odd}-\eta S_{-1}+\frac{\kappa}{x})dx)$ .
Example 1 WKB $(27)$ Borel $\psi_{\pm,B}(x, y)$
( [Tl, Section 3]
).
(28) $\psi_{+,B}(x, y)$ $=$ $C_{+}x^{-3/2}s^{\nu+}F( \frac{1}{4}+\frac{\kappa}{2},$ $\frac{3}{4}+\frac{\kappa}{2},$ $\frac{1}{2}+\frac{\kappa}{2};s)$ ,
(29) $\psi_{-,B}(x, y)$ $=$ $C_{-}x^{-3/2}(1-s)^{\nu_{-}}F( \frac{1}{4}-\frac{\kappa}{2},$ $\frac{3}{4}-\frac{\kappa}{2},$ $\frac{1}{2}-\frac{\kappa}{2};1-s)$ ,
(30) $c_{\pm}= \frac{2^{1\mp\kappa/2}}{\Gamma((1\pm\kappa)/2)}$ , $\nu\pm=\frac{-1\pm\kappa}{2}$ , $s= \frac{2y}{x^{2}}+\frac{1}{2}$ .
(28), (29) Example 1 $\psi_{+,B}(x, y)$
$y=-x^{2}/4$ $y=x^{2}/4$ $F$ movable singularity
Borel $\Psi_{+}(x, \eta)$ $x$ $\{{\rm Im} x^{2}=0\}$ well-defined
$\{{\rm Im} x^{2}=0\}$ 1 $\mathbb{R}_{+}$ Borel
$\Psi_{+}(x, \eta)$ Proposition 2
Proposition 2. (Cf. [Tl, (3.25)])
$\psi_{+,B}(x, y)$ movable singularity $y=x^{2}/4$ # discontinuity
(31) $\triangle_{y=x^{2}/4}\psi_{+,B}(x, y)=\frac{i\sqrt{2\pi}}{\Gamma(\kappa+1/2)}\psi_{-,B}(x, y)$ .
Example 1, 2 WKB Borel $\psi_{+,B}(x, y)$
movable singularity $y=(2/3)x^{3/2},$ $y=x^{2}/4$ movable
singularity Borel $\Psi_{+}(x, \eta)$ Example 1 $\{{\rm Im} x^{3/2}=0\}$ ,
Example 2 $\{{\rm Im} x^{2}=0\}$ well-defined Borel $\ovalbox{\tt\small REJECT} \mathfrak{o}\not\supset\grave{\grave{:}}$
(32) $\{x\in \mathbb{C}|{\rm Im}\int_{0}^{x}\sqrt{x}dx=0\}$ , $\{x\in \mathbb{C}|{\rm Im}\int_{0}^{x}\sqrt{x^{2}}dx=0\}$
Schr\"odinger (1)
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Definition 3. ( Stokes )
(i) $Q(x)$ (1) “ (turning point) “
$Q(x)$ 2 2
(ii) $a$ $a$ 1 (1)
“Stokes (Stokes curve) “
(33) ${\rm Im} \int_{a}^{x}\sqrt{Q(x)}dx=0$ .
Example 1 $x=0$ 3
$\{{\rm Im} x^{3/2}=0\}$ Stokes Example 2 $x=0$ 2
4 $\{{\rm Im} x^{2}=0\}$ Stokes (Example 2
(25) $\eta^{-1}$
$\eta^{-1}$ $0$ $Q(x)$ Stokes )
Schr\"odinger (1) WKB Borel movable
singularity $WKB$ Borel Stokes
WKB Borel movable singularity




(i) $\psi_{+}$ Borel $\psi_{+,B}$
(35) $y= \pm s(x):=\pm\int_{a}^{x}\sqrt{Q(x)}dx$
$y=s(x)$ movable singularity $(\psi_{-}$ Borel
$\psi_{-,B}$ )
(ii) $\psi_{+,B}$ movable singularity $y=s(x)$
(36) $\triangle_{y=s(x)}\psi_{+,B}(x, y)=i\psi_{-,B}(x, y)$ .
(iii) $x=a$ Stokes $\psi_{\pm}$ Borel $\Psi\pm$
(37) $\Psi_{+}rightarrow\Psi_{+}+i\Psi_{-}$ , $\Psi_{-}\sim\Psi_{-}$ .
Stokes ${\rm Re} \int_{a}^{x}\sqrt{Q(x)}dx>0$ (




Figure 3 : $x=a$ $\psi_{+,B}(x,y)$
singularity locus.
Remark 4. Voros WKB Borel
Theorem 3, (iii) [KT] 2
Airy Theorem 3, (i), (ii)
Remark 5. Stokes Theorem 3,
(37) (1) Fuchs
[KT] 3 [AKTl]
3 Fixed singularity and two turning points prob-
lem
2 Schr\"odinger (1) WK$B$ Borel
movable singularity Example 1, Example 2
(1) ( $Q(x)$ )
(1) WKB Borel
? [AKT2] [T2]
Example 3. (Weber )
(38) $( \frac{d^{2}}{dx^{2}}-\eta^{2}(\lambda-\frac{x^{2}}{4}))\psi=0$ ( $\lambda\neq 0$ ).
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(38) 2 $x=\pm 2\sqrt{\lambda}$ Stokes
$(\lambda>0$ $)$ Figure 4
$\lrcorner x$
Figure 4 : $(38)$ Stokes $(\lambda>0$ $)$ .
2
$x=\pm 2V\lambda$ (Remark 4 Airy
) Theorem 3
(39) $\psi_{\pm}=\frac{1}{\sqrt{S_{odd}}}\exp(\pm\int_{2\sqrt{\lambda}}^{x}S_{odd}dx)$
(38) $WKB$ $\psi_{\pm}$ $x$ $=$ 2V Theorem 3
$\psi_{+}$ Borel $\psi_{+,B}$ Figure 3
cusp
(40) $y=\pm s(x)$ , $s(x)= \int_{2\sqrt{\lambda}}^{x}\sqrt{\lambda-x^{2}/4}dx$
$y=\pm s(x)$ $x=2\sqrt{\lambda}$
$x=$ -2 $x=-2$ $\lambda$ (
Theorem 3 ) cusp $x=-2\sqrt{\lambda}$ cusp
$x=2\sqrt{\lambda}$
Figure 5 ‘ ’
( Figure 5 $x$ $(y$
) $\psi_{+}$ Borel $\psi_{+,B}(x, y)$ Figure 6 )




Figure 5: $(38)$ $\psi_{+,B}(x, y)$ singularity locus.
$\psi_{+,B}(x,y)$ $y=-s(x)$ (
) $y=-s(x)+2m\pi\lambda(m\in Z)$ $(x$
) movable singularity $y=s(x)$




WKB fixed singularity $t\backslash$
$\lambda$ $\lambda>0$ (39)
(38) $WKB$ $\psi_{\pm}$
(42) $\psi_{\pm}=\psi_{\pm}^{(\infty)}\exp(\pm\int_{2\sqrt{\lambda}}^{\infty}(S_{odd}-\eta S_{-1})dx)$ ,
(43) $\psi_{\pm}^{(\infty)}=\frac{1}{\sqrt{S_{odd}}}\exp\pm(\eta\int_{2\sqrt{\lambda}}^{x}S_{-1}dx+\int_{\infty}^{x}(S_{odd}-\eta S_{-1})dx)$
$x=\infty$ (38) $WKB$ [DP]










. . . $s(x)-2\pi\lambda$ $s(x)$ $s(x)+2\pi\lambda$ . . .
Figure 6 : (38) $\psi_{+,B}(x, y)$ ( $y$ )
Proposition 4. (Cf. [DP, Theorem $1.2.2(c)]$ )
$\psi_{+,B}^{(\infty)}(x,y)$ $(x$ Stokes $\infty$ $x$ (43)
Stokes )
(44) $\Gamma:=\{y\in \mathbb{C}|y=-s(x)+\rho, \rho>0\}$
$\psi_{\pm,B}$ fixed singularity $\psi_{\pm}$
(42) 2 (42) 2 (
Voros ”)
Proposition 5.
(45) 2 $2 \sqrt{\lambda}^{(S_{odd}-\eta S_{-1})dx}\infty=\sum_{n=1}^{\infty}\frac{2^{1-2n}-1}{2n(2n-1)}B_{2n}(i\eta\lambda)^{1-2n}$ ,
$B_{2n}$ Bernoulli
(46) $\frac{w}{e^{w}-1}=1-\frac{w}{2}+\sum_{n=1}^{\infty}\frac{B_{2n}}{(2n)!}w^{2n}$ .
$WKB$ (39) Borel fixed singularity
Proposition 5 [T2] Proposition 5
Outline of proof of Proposition 5. $\sigma=i\eta\lambda$ (45) $F(\sigma)$




(48) $F( \sigma+1)-F(\sigma)=1+\log(1+\frac{1}{2\sigma})-(\sigma+1)\log(1+\frac{1}{\sigma})$ .
(45)
Lemma 2
Lemma 2. $S_{\pm}=S_{\pm}(x, \lambda)$ Weber (38) Riccati
(49) $S_{+}(x, \lambda-\eta^{-1}i)-S_{+}(x, \lambda)=\frac{d}{dx}\log(\eta^{-1}S_{+}(x, \lambda)-i\frac{x}{2})$ .
Proof of Lemma 2. Weber (38)
(50) $C:=\eta$ $\overline{dx}^{-i\frac{x}{2}}$$-1d$
(38) WKB $\psi_{+}$ ( WKB
$\psi_{+}=\exp\int^{x}S_{+}(x, \lambda)dx$ ) $C$
$C\psi+$ (38) $\lambda$ $\eta$-li
(51) $( \frac{d^{2}}{dx^{2}}-\eta^{2}(\lambda-\eta^{-1}i-\frac{x^{2}}{4}))\psi=0$
$WKB$ $C(\eta)$ $x$ $\eta^{-1}$
(52) $C \psi_{+}=C(\eta)\exp(\int^{x}S_{+}(x, \lambda-\eta^{-1}i)dx)$
(52) (49)




(48) ( [T2, \S 1]
).
Proposition 5 WKB (39) Borel fixed singularity
(45) ( ) $\phi$










Proposition 4 $x=\infty$ WKB Borel $\psi_{+,B}^{(\infty)}$ $\Gamma$
( $\Gamma$ (44) ) (42) WKB
(39) Borel $\psi_{+,B}(x, y)$ $y=-s(x)+2m\pi\lambda(m\in Z\backslash \{0\})$
$\phi_{B}(y)$ $y=-s(x)+2m\pi\lambda$
$\psi_{+,B}(x, y)$ Ecalle alien derivative
(55) $\triangle_{y=-s(x)+2m\pi\lambda}\psi_{+,B}(x, y)=\frac{(-1)^{m}}{2m}\psi_{+,B}(x, y-2m\pi\lambda)$
[AKT2] [T2] $\phi_{B}(y)$ $y=$
$2m\pi\lambda$ ( ) (38) WKB (39) Borel
$\psi_{+,B}(x, y)$ $y=-s(x)+2m\pi\lambda$ fixed singularity
Remark 7. Ecalle alien derivative $y=$
$-s(x)+2m\pi\lambda$ $\psi_{+,B}(x, y)$ alien derivative $y=-s(x)$
$y=-s(x)+2m\pi\lambda$
path $\psi_{+,B}(x, y)$ (path )
weight Figure 7
path $\gamma=\gamma_{-}\cdots\gamma_{+}\gamma-\gamma_{-}\gamma_{+}$ (Figure 7 $k$
$y=-s(x)+2k\pi\lambda$ $k$” ),
$\psi_{+,B}$ $(\gamma_{-})_{*}\cdots(\gamma_{+})_{*}(\gamma_{-})_{*}(\gamma_{-})_{*}(\gamma_{+})_{*}\psi_{+,B}$
$y=-s(x)+2m\pi\lambda$ $\psi_{+,B}$ alien derivative
(56)
$\triangle_{y=-s(x)+2m\pi\lambda}\psi_{+,B}:=1<\dot{A}\leq m-1\sum_{\epsilon_{j}=\pm 1}\frac{p_{+}!p_{-}!}{m!}((\gamma_{+})_{*}-(\gamma_{-})_{*})(\gamma_{\epsilon_{m-1}})_{*}\cdots(\gamma_{\epsilon 1})_{*}\psi_{+,B}$
,
$p_{+}$ $p_{-}$ $\epsilon_{1},$ $\ldots,\epsilon_{m-1}$ $+1$ -1
(57) $p_{\pm}=\#\{j|1\leq j\leq m-1, \epsilon_{j}=\pm 1\}$ .
$y=-s(x)+2\pi\lambda$ alien derivative






Figure 7 : $\psi_{+,B}(x, y)$ $y=-s(x)+2k\pi\lambda$ path
$\gamma=\gamma_{-}\cdots\gamma_{+}\gamma_{-}\gamma_{-}\gamma_{+}$ (1 2
path
$\gamma+,$ $\gamma_{-}$ , . . . ).
fixed singularity
$\lambda$ $\lambda>0$
WKB (39) Borel $\psi_{+,B}$ fixed singularity
$y=-s(x)$
${\rm Im}\lambda$ $($ $\arg\lambda)$ ${\rm Im}\lambda<0$
${\rm Im}\lambda>0$ $\lambda$ Weber
(38) Stokes (Figure 4 ) Figure 8
$\psi_{+,B}$ fixed singularity $(y=-s(x)$
$)$ Borel (12)
(i) (ii)
Figure 8 :(i) ${\rm Im}\lambda<0$ , (ii) ${\rm Im}\lambda>0$
(38) Stokes
$WKB$ $\psi_{+}$ Borel $\Psi_{+}$
( Stokes ). Voros
Proposition 5 WKB Borel
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${\rm Im}\lambda<0$ Figure 8, (i) $\Omega$
WKB $(39)$ Borel $\Psi_{+},$ ${\rm Im}\lambda>0$ Figure 8, (ii)
$\tilde{\Omega}$ $WKB$ (39) Borel $\tilde{\Psi}_{+}$ $\Psi_{+}$ $\tilde{\Psi}_{+}$
(58) $\Psi_{+}=(1+e^{-2\pi\lambda\eta})^{1/2}\tilde{\Psi}_{+}$ .
$\psi_{+,B}(x, y)$ alien derivative $(55)$ Borel $\Psi_{+}$
(58)
[T2, \S 2] movable singularity Stokes
$WKB$ Borel Stokes
fixed singularity ( )
WKB Borel Stokes
Remark 8. Weber
2 (two simple turning points problem)
(55) (58) ( ) [AKT2]
4 Future problems
Schr\"odinger WKB Borel movable
singularity fixed singularity 2
WKB Borel 2 Stokes
( ) Schr\"odinger
movable singularity fixed singularity
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